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Abstract 

We describe a class of non-central extensions of the diffeomorphism 
algebra in TV-dimensional spacetime, and construct lowest-energy mod- 
ules thereof, thus generalizing work of Eswara-Rao and Moody. There 
is one representation for each representation of Virt<kogl{N) (an ex- 
tension of the semi-direct product). Similar modules are constructed 
for gauge algebras. 



1 Introduction 

Let dif f{N) denote the difFeomorphism algebra in A'^-dimensional space- 
time. In a significant paper, Eswara-Rao and Moody constructed the first 
interesting lowest-energy representations of a non-central extension thereof 
[^, but they failed to explicitly describe the extension (except for the "spa- 
tial" subalgebra generated by time-independent vector fields). In the present 
paper, a four-parameter non-central extension diff{N;ci,C2,C3,C4^) is de- 
scribed explicitly, and a realization of this algebra is constructed for each 



representation of VirJKf.^^gl(N) (an extension of Vir x gl(N)). The repre- 
sentations in Q are recovered (in a Fourier basis) by picking a particular 
vertex operator module for Vir and the trivial module for gl{N). Thus, my 
results are related to theirs in about the same way as tensor densitites are 
related to functions. Similar results also hold for the algebra of gauge trans- 
formations on spacetime; special cases were previously found by @, ^, p^ . 
A super symmetric generalization of the present work can be found on the 
web [^. 

After this work was completed I became aware of related references ^. 



2 Extension 

Let ^ = S,^df^ be a vector field and the Lie derivative. Greek indices = 
0, 1, .., — 1 label spacetime coordinates and the summation convention is 
used. The diffeomorphism algebra (algebra of vector fields, Witt algebra) 
diff{N) is generated by Lie derivatives satisfying [C^,Cr^ = £^[^^ri\- Define 

two families of operators 5'^^"''"(5z^i..i/„) and I^"^""'' {hp\y^„yj, where Qu^.m^ 
and hp\y^ y^ are arbitrary functions on spacetime. The operators are linear 
in the arguments and totally symmetric in the indices vi..Vn. The following 
relations (|2.l| -^^) define a Lie algebra extension of diff{N), denoted by 
diffiN;ci,C2,C3,Ci). 



n 

JU-i..jJ...Un 



-(n-i)5^:;v'^"(a^eV...J, 

5r(5./) = o, (2.1) 

Soif) = ^ — : J dtf{t), if f{t) depends on time only, 

n 

-(n + l)Rt?--''"idA\u...uJ - <':r-^"m°^|.i...J 
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where hi^i..u„ is symmetric in i^i-.fn- 

np\Oiyi..Unf, N ^ T>p\ui..v„/j^ \ 



+js',''{d,v''d^d,e - d^ed^d^T^n (2.3) 



Verification of all Jacobi identities is straightforward; that these equations 
define a Lie algebra also follows from the explicit realization in theorem 
below. Indeed, the extensions were discovered by working out which algebra 
is generated by ( |3.6D . The extensions ai - 03 (cocycles are labelled by the 
factors multiplying them) are cohomologically trivial and may be eliminated 
by the redefinition 

4 = £5 + ai5f + f^ole") + a3So{8^e)- (2.4) 

The remaining extensions are non-trivial, which is most easily seen by re- 
stricting to the "temporal" subalgebra generated by vector fields on the line 
it is a Virasoro algebra with central charge 12(ci -|- C2 + C3 + C4). 
In particular, this is the whole story in one dimension, and hence ( p.l| - |2.3D 
is a natural higher-dimensional generalization of the Virasoro algebra. The 
extensions ci and C2 were first described by Eswara-Rao and Moody [^] and 
myself [0, respectively, while C3 and C4 are new. S^Qp) is a linear oper- 
ator acting on one- forms gpdx^, and as such it may be viewed as a closed 
one-chain on spacetime. One possibility is that it is an exact one-chain: 

Sligp) = C^'{8.gp), 
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C'^U.u) = -C'^'U^.u) (2.5) 

Dzhumadil'daev has given an list of diff{N) extensions by irreducible 
modules, but it seems that the extension ci is missing; however, it is essen- 
tially tpY ~ + V'l^ in his notation. Moreover, C2 is and ci and C2 
become and upon the substitution (2.5), respectively. The remain- 
ing two cocycles are not covered by his theorem, however, because they are 
extensions by reducible but indecomposable modules. 



3 Realization 

Consider the Heisenberg algebra generated by operators q^{s), Pj{t), s,t € 
S^, where latin indices i,j = 1, .., N — 1 run over spatial coordinates only. 

[Ms),p,it)] = [q\s),q^{t)]=0. (3.1) 
These operators can be expanded in a Fourier series; e.g., 

oo 

Mt) = E M^y^'- (3-2) 

n=— oo 

This algebra has a Fock module (Z-graded by the frequency n) generated 
by finite strings in the non-negative Fourier modes of q^{t) and the positive 
modes ofpj{t). Define time components by q^{t) = t a.ndpo{t) = —<f{t)pi{t); 
in an obvious notation, q^{t) = {t,q^{t)), etc. The following relations hold. 

fe^(s),g-(t)] = 0, 

[p.{s),q^{t)] = {5ii-r{s)5'l)6{s-t), (3.3) 
[Pf.{s),Pu{t)] = {6f,p,{s)+6'lp^{t))6{s-t). 

Normal ordering is necessary to remove infinites and to obtain a well defined 
action of diffeomorphisms on T. For any function of q{t) and its derivatives, 
let 

■fm,m)Pjit):^f{q{t),m)pfit)+pf{t)f{qit),qit)), (3.4) 
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where pf{t) {pj{t)) is the sum (|3.2D over positive (non-positive) Fourier 
modes only. Let L(s) and Tl^{t) generate the following algebra Virc^^^ 

[L{s),L{t)] = {L{s)+L{t)y5{s-t) + ^.(5{s-t) + 5{s-t)), 

[L{s),Tl^{t)] = Tl^{s)5{s-t) + ^5^J{s-t), (3.5) 
[Ti^islT^it)] = {5ZT!^{s)-5^,T^Js))5{s-t) 



Theorem 3.1 Under the conditions above, the following expressions 

c^ = j dt ■.em)p,{t):+e{q{t))L{t)+d,em)T;{t) 

+eiqit))L{t)+d,e{qit))T;:it), (3.6) 

realize the Lie algebra dif f{N\ 1 + fci, A;2, —2 + {c + 2N — 2)/12,l + /co); while 
the cohomologically trivial parameters are ai = —1, 02 = (c + 2N — 2)/12, 
03 = i/2. 

The proof is deferred to the appendix. Consequently, this algebra acts on 

Ai for every Virct<kogK^)ki k2 module M.. It should be stressed that 
this action is manifestly well defined, at least for the subalgebra of vector 
fields that are polynomial in the spatial coordinates and a Fourier polynomial 
in x'^, because finiteness is preserved when all operators in ( ^.6| ) act on finite 
strings in non-negative Fourier modes in that case. The Hamiltonian 

C-^^o = -i [dt i-:q\t)pi{t):+L{t)) (3.7) 
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is the operator responsible for computing the Z-grading. 

In the absense of normal ordering and central charges in ( |3.5| ), (|3.6| ) 
yields a proper realization of dif f{N). The higher-dimensional analogue of 
a primary field depends on five parameters A, w (defined up to an integer), 
K, p, and q: 

+iwe{q{mrl::r:{t) - t^d^eiqimrl-.r^it) (3.8) 

i=l j=l 

where [^^g^t)] = ^^^(t)) - {t)e {q{t)) ■ 

The result of Eswara-Rao and Moody Q is recovered as follows: they 
work in a Fourier basis on the torus, and denote q^{t) = 6i{z) and Pj{t) = 
dj{z), where z = exp{it). A standard vertex operator realization for the 
Virasoro generator L{t) was given, based on the remaining roots ap, but 

they missed the appearance of gl{N). Consequently, Tlf{t) = and ko = 
^1 = ^2 = in their work. 



4 Gauge algebras 

Consider the gauge algebra map{N, q), i.e. maps from A^-dimensional space- 
time to a finite-dimensional Lie algebra g, where g has basis J", structure 
constants /'^''c, and Killing metric 6"'^. Define constants g"' and g'"" satisfy- 
ing r\g'= = r^g'" = 0. Clearly, g'' = g'" = if J" G [0,0], but they may 
be non-zero on abelian factors. Let X = Xa{x)J°', x G be a 0-valued 
function and define [X, y]c = if^^cXaYi). diff{N) x map{N,Q) has the 
non-central extension dif f{N] 01,02,03, C4)p<g^gimap{N,Q]k), with brackets 

[Jx,Jy] = J[x,Y]-f'^"''Sli9pXaYb), 

[C^, Jx] = J^.a.x - g'^Sl^'id^fd^Xa) - g'^'Slid.d^eXa), 
[Jx,S^^^---{g,,..,„)] = [:rx,i?^:l'^-'^"(/^p|.,..J] = 0, (4.1) 

in addition to ( p. 3D . Let J" (t), t & S^, generate the Kac-Moody algebra 0^ . 
Consider the algebra Virct>< ko,g{9l'{X) k2®9''^k), with brackets ( |3.5| ) and 
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Then 



[T>:{s),r{t)] = £,5^^6{s-t), (4.2) 
[L{s),r{t)] = r{s)6{s-t) + ^6{s-t). 

Jx = Jdt Xa{q{t))r{t) (4.3) 



yields a realization of map{N, g; k), with the intertwining action of diff{N; 
ci,C2,C3,C4) described above, and the parameters k, g°- and g'"" in (|4.lD and 
(O) agree. 



A Proof of theorem 

We first prove that in absense of normal ordering, ( |3.6[) defines a proper 
realization of diff{N). The operators i5j^(t) = Pu{t) + 6^L{t) satisfy relations 
( |3.3D and also 

[p,{s),T:^{t)]=6Xms-t). (A.l) 
Introduce the abbreviated notation (,^{t) = £,^{q{t))- Now, 

[£5,£,] = [e{s)p^{s) + d^e{s)T^{s),v''{t)p,{t) + dr7i''{t)T;:{t)] 

= II dsdt e{s)[dpii''mP, - 5lqP{s))5{s - t)p,{t) 

+ri^{t)5lp,{s)5{s-t)} (A.2) 

+e{s){dA^''{tw^ - 5iqp{sms - t)T:{t) 

+drv''{t)5lT:{s)5{s-t)} 

where ^ ^ rj stands for the same expression with ^ and r] interchanged every- 
where. Rewrite the terms proportial to the derivative of the delta function 
by noting that 

dsdt f{s)g{t)6{s -t) = I fg = - I fg. (A.3) 
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The function arguments were suppressed in the single integrals, because no 
confusion is possible. This leaves us with 

= J nv'Pu + ndrr]''T:; + a<,e^a^r?^T; - ^ ^ r] (A.4) 

where we used that fj'^ = q'^dprf . Hence [C^, >C^] = C,y^,n]i ^'^^ it is clear that 
normal ordering must result in some abelian extension of dif f{N). We now 
proceed to calculate it. 

Split the delta function into positive and negative energy parts. 

m>0 m<0 



Lemma A.l 



i. 5>{t)5^{-t) - 5>{-t)5Ht) = 

a. 5> {t)S^ i-t) - 6> {-t)6^ (t) = {5{t) + iS{t)) 
in. 5>{t)6^{-t) - 6>i-t)6^{t) = j^CHt) + m) 



Proof: 



m>On<0 A;>Om=l 

= ^ k{e-'''* - e'^^) = ke-'^^ = 2m5{t) where k = m-n. 

fc>0 k 

a. Airh ■ LHS = Y 5^(ne-'("*-")* - me^^""")*) 

m>On<0 

= YYi^- - me*'* = ^ -M^^e-^'^* - M^-tUg^'^* 

fe>Om=l k>0 



k 

in. -47r2 • LHS = ^ ^(mne-^^™"")* - mne^^""")*) 

r?i>On<0 

= 2^ 2^rn{m- k){e -e ) = 2^ ^ — (e -e ) 

A:>Om=l fc>0 
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Define 



e{t) ^ e{q{t),m) = e{q{t))-e{q{tw{t), (a.6) 

= dje{s)5>{t-s) + 5i^'^{s)5>{t-s), (A.7) 
and xfj{t, s) analogously. Moreover, set x^]{t, s) = xfj{t, s) + xfj{t, s). 



Lemma A. 2 The expressions defined in ( \A.(\ ) satisfy the following rela- 
tions. 

diC = d^e-^" (A.8) 
-i\Pdpif + qPdpi%'> + - d.evl- (A.9) 



Proof: We use that S,^ = 0. Eq. ( [A.8| ) thus equals 

dpe = d,.e-d^er, (A.IO) 

whereas ( |A.9| ) becomes 

-qPdpi^d^rf + i\if - qPdpt) + q^dp^^^ □ (A.ll) 
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Consider 

4 = jdt ■.e{q{t))p>.{t) -.^jdt {e{t)pf{t) +p>(i)f (i)). (A.12) 

[ci,c^^] = lldsdt[e{s)pf{s)+p>{s)e{s), 

ff{t)pf{t)+p>{t)fi^it)] (A.13) 

= jjdsdt[e{s)x^^{s,t)pf{t)-f,^{t)xf;{t,s)pf{s) 

+e{s)p^(t)x^^{s,t) - x^;it,s)ff{t)pf{s) 
+xi'{s,t)pf{t)e{s)-p>{s)fj\t)xf;{t,s) 

-p> {s)x^j (t, s)ff {t) + p> {t)x^i {s, t)e {s)}. 

Of these eight terms, the third can be rewritten as 

pfm{s)x^i{s,t)-xtj{t,s)x^i{s,t) (A.14) 

and the fifth as 

{s, t)e {s)pf (t) + X J {s,t)x^(t,s). (A. 15) 

Hence 

[4,/:°] = JJ dsdi{e{s)x^^is,t)pf(t) fi^{t)xf;{t,s)pf{s) 
+p^m{s)x^i{s,t)-ff{t)x^;{t,s)pf{s) 

+eis)x^^is,t)pf{t)-p>{s)fj^{t)xf;it,s) (A.16) 
-pf{s)fi^{t)xfj{t,s)+pf{t)e{s)x^,^{s,t)) 

The regular piece is 

II dsdt e{s)Xr,i{s,t)pf{t) +p>{t)e{s)Xr,i{s,t) -^^V (A.17) 
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We focus on the first term. 

JJdsdteis)x4{s,t)pf{t)-C^7^ 

= JJ dsdt e{s){d^fl'ms -t)+ r?°(t)5^.5(s - t))pf{t) -C^ij 

= J {ifKriV - - i'i') - -i^r,, (A.18) 

which equals C^^ . We again suppress the integration variable in single 
integrals, and write £,^{s) = i^{q{s))., etc. The extension exto(^, r?) becomes 

jj dsdt[ - x^;it,s)^i{s,i)+x^i{s,^^;it,s)} 

= - jj dsdt^{djC{s)5>{t -s)+ 5)i^{s)5>{t - s)) x 
x{dif,^{t)5^{s -t)+ 5irf{t)6^{s - t))} - e ^ ry 
= - jj dsdt\dje{s)difi^{t)5>{t - s)5^{s - t) 

+i\s)d,f[>{t)5>{t-s)6^{s-t) 
+die{s)if{t)5>{t-s)5^{s-t) 

+5ii^{s)rf{t)5>{t - s)6^{s - t)} - C ^ r? (A.19) 
= ^Jj dsdt{dje{s)diff>{t)6{t - s) 

-ld.e{s)v'{tmt-s) + i6{t-s)) 

where we used Lemma |A.1| and the fact that 61 = N — 1. Now consider the 
full algebra. The regular piece follows from the following calculation. 

/ ied.r^" - er)Pu + jj dsdt e{sWitKPu{s)Sis - 1) 
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+ J inv'' - + JJ dsdt f{s)v''{t)L{s)6{s - t) 

+ IJ dsdt f{s)daV^{t)T^{s)6is - t) - ^ ^ rj (A.20) 

and the full extension is 
ext(e,r/) = extoiC,v)+ ffdsdt [^X'^{s)r]\t){6is-t) + 5is-t)) 



-d^^^(^s)drv''{t){^rj1 + i^^l^s - t)} (A.21) 



exto(e,,) + -L/^_(^u.u_^u^u 



+ 



27ri ./ 1 12 



The result now follows by means of lemma [A. 2 



ext(e,r/) = ^ j dt[{l + ki)dA^d^r]'' + k2d^e0ur]'' 

+dui\''dpi]'' - qPdpif'dprf - i\Pdpif + qPdpi^ff (A.22) 

c + 2(7V-l) -0 . , i 
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where / = q^dpf. As a consistency check we note that the extension satisfies 
ext(77,0 = -ext(^,r/). 

To calculate the remaining brackets is a straightforward task. Note that 
normal ordering is irrelevant here, because S^^"'^" and Rn'^^"'^" depend on 
q^ only whereas depends only linearly on p^. □ 

Note added. A. Dzhumadil'daev has explained his results which 
I had slightly misunderstood. The Rao-Moody cocycle ci is included in his 
list; it is equivalent to his cocycle TpY i with coefficients in ^\)(,^haml ^heRham — 
^DeRham®H}^eRham- Similarly, C2 is his • HjjeRham ^u A^-dimeusioual 
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trivial dif f{N) module; setting it to zero gives the substitution (|2.5|) . The 
closedness condition S'^{dpf) = can be lifted for the cocycle C2 (but not 
for ci). One then obtains , first discovered in [^. Dzhumadil'daev con- 
sidered extensions by modules of tensor fields, not necessarily irreducible. 
C3 and C4 are not included in his list, because they are extensions by other 
types of modules. 
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